ABSTRACT. Some relations between cohomological dimensions and depths of linked ideals are investigated and discussed by various examples.
INTRODUCTION
Throughout this paper, we assume that R is a commutative Noetherian ring and a is an ideal of R. Let M be an R-module. For an integer i ∈ Z, let H i a (M) denote the ith local cohomology module of M with respect to a as introduced by Grothendieck (cf. [12] and [2] ).
One of the most interested subjects in commutative algebra and related topics is the cohomological dimension of an ideal. The cohomological dimension of a in R, cd(a, R) is defined as cd(a, R) = min{i : H j a (R) = 0 for all j > i}.
In the light of Grothendieck's Vanishing Theorem, cd(a, R) ≤ dim R and the equality happens when (R, m) is a local ring and a is an m-primary ideal. The Hartshorne-Lichtenbaum Vanishing Theorem provides conditions for cd(a, R) ≤ dim R − 1, where a is not an m-primary ideal. The cohomological dimension has been studied by several authors; see for instance [10] , [13] , [17] , [14] , [16] , [6] and [20] . Schenzel [20] has studied the formal local cohomology modules F i a (M) := lim ← −n H i m (M/a n M) for a finitely generated module M over a local ring (R, m) and i ∈ Z. It is called ith formal local cohomology of M with respect to a. In the case of a Gorenstein local ring
Let (R,
where E is the injective hull of R/m (cf. [20, Remark 3.6] ). For more information on these kind of modules and their properties we refrer the reader to [1] and [7] .
The first non-vanishing value of F i a (M) is called the formal grade as follows
In case (R, m) is a Cohen-Macaulay local ring, then the equality
Recently formal local cohomology has been used as a technical tool to solve some problems, see for instance [8] . In this paper we use it to give information on the cohomological dimension of an ideal.
The outline of the paper is as follows. In Section 2, we consider the cohomological dimension of an ideal and a partial reverse statement of a result of Peskin-Szpiro. In Section 3, we give some answers to the Question 1.2 sorted below.
For the equality of cohomological dimensions:
• There is an example of a regular local ring possessing two Cohen-Macaulay linked ideals while their cohomological dimensions are not the same (cf. Example 3.1).
• For a regular local ring of positive characteristic with Cohen-Macaulay linked ideals, we give an affirmative answer (cf. Theorem 3.8(a)).
• Another positive answer happens for evenly linked squarefree monomial ideals in the
For the equality of depths:
• In a Gorenstein local ring, the depths of residue class rings of evenly linked ideals are the same(cf. Corollary 3.4).
• We give negative answers in Corollary 3.5 and Corollary 3.6.
• In a Gorenstein local ring, every 2-dimensional non Cohen-Macaulay linked ideals provide an affirmative answer (cf. Corollary 3.7).
SOME REMARKS ON COHOMOLOGICAL DIMENSION
Throughout this section, we assume that (R, m) is a local ring and a is an ideal of R. The first non-vanishing cohomological degree of the local cohomology modules H i a (R) is well understood. It is the common length of maximal R-regular sequences in a. The last non-vanishing amount of local cohomology modules, instead, is more mysterious. In the light of Grothendieck's Vanishing Theorem, cd(a, R) ≤ dim R and the equality happens when a is an m-primary ideal. In the following we characterize the last non-vanishing amount of local cohomology modules.
Proposition 2.1. Let a be an ideal of a local ring R and N be a finite R-module. Let t be a positive integer.
Then the following are equivalent: 
). So, we may assume that H 0 a (N) = 0. Then there exists an N-regular element r in a. Consider the short exact sequence
which implies the following long exact sequence
for all i. In the light of 2.1 and the induction assumption, one can deduce that
It should be noted that it has been shown in [22, Proposition 3 .1] that statements (a) and (b) in Proposition 2.1 are equivalent.
In the light of Proposition 2.1, we have Next, we prove a slightly reverse statement of the above mentioned result of Peskin-Szpiro. 
STABILITY OF COHOMOLOGICAL DIMENSION UNDER LINKAGE
Let a and b be ideals of a local ring (R, m). In this section, we try to find out some conditions for the stability of cohomological dimension under linkage, i.e. cd(a, R) = cd(b, R) whenever a is linked to b. It should be noted that the cohomological dimension is not preserved under linkage, in general. To be more precise, consider the next example.
Example 3.1. Let X = (x ij ) be the generic 4 × 3 matrix and X ′ be the result of dropping the first two rows from X. Let R = k[X] (X) be a polynomial ring over a field k localized at the maximal ideal (X). Put a := I 3 (X) (the ideal generated by the 3-minors of X in R) and b := I 2 (X ′ ) (the ideal generated by the 2-minors of X ′ in R). By virtue of [ One of the technical tools we use to show the stability of cohomological dimension under linkage is the depth, i.e. we investigate the equality depth R/a = depth R/b. Take into account that from the stability of depth one can not deduce the stability of cohomological dimension under linkage, in general, as the following concrete example shows it. 
3 ) be the defining ideal of the twisted quartic curve in P 3 . Then it is not hard to show that
is a complete intersection. Therefore b is linked to a by a ∩ b. Using CoCoA [5] , we see that depth(R/a) = 1 = depth(R/b). But cd(a, R) = 3 and cd(b, R) = 2.
According to the above examples and what we will see in the sequel, the cohomological dimension, formal grade and depth are not stable, in general, under linkage. Proof. By the assumption, we have the following exact sequence
The above exact sequence together with [3, Proposition 1.2.9] yield the following inequalities
Note that, by Lemma 1.1(b), R/b is not Cohen-Macaulay. So using 3.1, one can deduce that There exists a Buchsbaum quasi-Gorenstein domain A which is a homomorphic image of a polynomial ring over a field k with 11 indeterminates such that dim A = 3 and depth A = 2 (cf. [15] ). Recall that a local ring (A, n) is quasi-Gorenstein if H dim A n (A) ∼ = E A (A/n) the injective hull of A/n. Now, we have a prime ideal p in R (a polynomial ring over a field k with 11 indeterminates) with dim(R/p) = 3 and depth(R/p) = 2 such that K R/p ∼ = R/p. Put b := x : p, where x is a maximal regular sequence contained in p. Then b is linked to p. But
where the first equality follows by Proposition 3.3.
This example encouraged us to bring the following corollaries. It is noteworthy to say that assumptions in Theorem 3.8(a) are not too much as we have seen in Example 3.1.
Remark 3.9. Suppose that a is an ideal in a regular local ring (R, m) of positive characteristic in a linkage class of a complete intersection ideal. Immediately, it follows from Theorem 3.8(a) that ht a = cd(a, R), that is a is a cohomologically complete intersection ideal.
